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Abstract
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mannian, Ricci-flat C2−metric gµν which admits (at least) a
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1 Introduction
Attempts of estimating the path integral of Quantum Gravity via the station-
ary phase approximation motivated the study of “instantons”, i.e. Rieman-
nian, Ricci-flat metrics which are regular everywhere. Gibbons and Hawking
[1] distinguished instantons having at least a one-parameter group of isome-
tries according to whether the isometry has isolated fixed points (“nuts”) or
two-dimensional subsets of fixed points (“bolts”). The mathematical analogy
between instantons with fixed points and Lorentzian solutions with Killing
horizons raises the question whether the known uniqueness proofs for sta-
tionary black hole solutions can be carried over to the Riemannian case. In
fact, for asymptotically flat solutions with up to two nuts and no bolts, a
uniqueness result for the Riemannian Kerr metric has been obtained [2] by
adapting and generalizing Israel’s proof of uniqueness of the Schwarzschild
solution [3].
The present work concerns the problem of finding uniqueness results for
the 1-parameter family of Schwarzschild instantons and for the 1-parameter
family of so-called Taub-bolt instantons (found by Page [4] by “Euclideaniz-
ing” the Taub-NUT spacetime [5]) which read as follows, respectively,
ds2 =
r −m
r +m
dτ 2 +
r +m
r −m
(
dr2 +
(
r2 −m2
)
dΩ2
)
(1)
ds2 =
(r − 2|n|)
(
r − 1
2
|n|
)
(r2 − n2) (dτ + 2n cos θdφ)
2 +
+ (r2 − n2)
 dr2
(r − 2|n|)
(
r − 1
2
|n|
) + dΩ2
 , (2)
where m ≥ 0 and n 6= 0 are constants and dΩ2 is the round metric on the
2-sphere. In (1) the subcase m = 0 is just the Euclidean metric on R4
whereas for m > 0 the coordinate τ is periodic with range 0 ≤ τ < 8πm,
and r ≥ m. Regarding (2), τ is periodic with range 0 ≤ τ < 8πn, and
r ≥ 2|n|. These spaces are probably unique in the following sense.
Conjecture The Riemannian Schwarzschild and the “Taub-bolt” instanton
solutions are the only spaces (M, gµν) such that
C1. M is a 4-dimensional manifold with a Riemannian, Ricci-flat
C2−metric gµν which admits (at least) a 1-parameter group µτ of isome-
tries.
C2. µτ has no isolated fixed points on M.
2
C3. M is simply connected.
C4. (M, gµν) is asymptotically flat (AF) or asymptotically locally flat
(ALF), and the trajectories of µτ have bounded length at infinity.
In defining AF and ALF we may follow [6]. (Note that according to this
definition, flat space is not AF but asymptotically Euclidean).
While it would be desirable to prove this conjecture, we have obtained a
closely related uniqueness result. To formulate the latter we introduce the set
N = π(M\LM) of non-trivial orbits of µτ , where LM denotes the set of fixed
points of µτ and π : M → M/µτ is the canonical projection. In general,
the space N of Killing orbits is what has been called a V-manifold [8], a
Satake-manifold [9] or an orbifold [10]. However, in some cases, (such as for
Schwarzschild and Taub-bolt), N actually has the structure of a (standard)
manifold. In this case there exists a one-to-one correspondence between
tensors on N and tensors on M\LM which are orthogonal with respect to
every index to the Killing field ξµ corresponding to µτ , and have vanishing
Lie derivative along ξµ. In particular, the symmetric covariant tensor gµν −
V −2ξµξν on M (where V = (gµνξµξν)1/2 is the norm of ξµ) can be “pulled
back” to give a metric on N which we call gij . With this metric (N , gij) is
a Riemannian manifold.
Our theorem reads as follows.
Theorem The Riemannian Schwarzschild and the Taub-bolt instanton
solutions are the only spaces (M, gµν) such that
T1. M is a 4-dimensional manifold with a Riemannian, Ricci-flat
C2−metric gµν which admits (at least) a 1-parameter group µτ of isome-
tries. Moreover, the set N of non-trivial orbits of µτ is a manifold.
T2. µτ has no isolated fixed points on M.
T3. M is simply connected.
T4. (N , gij) is asymptotically flat (AF) and the norm of the Killing field
corresponding to µτ tends to a constant at infinity.
Note that conditions C2-T2 and C3-T3 agree whereas the other condi-
tions of the theorem have similar but different counterparts in the conjecture.
In particular, in T1 we have included the requirement that N is a manifold.
Actually, this latter requirement is probably spurious due to the strong con-
dition T2. We will come back to this point in Sect. 5. As to T4, the notion
of asymptotic flatness for (N , gij) will be defined in Sect 3. We remark that
condition T4 allows (M, gµν) to be flat Euclidean space, in contrast to C4.
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Our requirement on the metric to be C2 permits the introduction of har-
monic coordinates, in terms of which the condition of Ricci flatness is an
elliptic equation for the metric, and so the latter is analytic. An elementary
result (Sect. VI, Proposition 1.1. of [11]) shows that in this case the Killing
field ξµ is C∞. But since ξµ also satisfies an elliptic equation in Ricci flat
spaces, it is analytic as well. It is then also possible to find an analytic atlas
on M of the form (t, xi) where t is a function of the group parameter τ , and
xi are coordinates on N [12]. It will turn out to be convenient to use this
atlas in particular in the asymptotic analysis (Sect. 3).
Our proof follows the method of Bunting and Masood-ul-Alam for prov-
ing uniqueness of the Schwarzschild solution among the static, asymptotically
flat vacuum black holes [13] with bifurcate horizons. They construct a com-
plete space N by gluing together two copies of a t = const. slice along the
bifurcation surface of the horizons, and by performing a 1-point compactifi-
cation of one of the ends. By a suitable conformal transformation, N can be
endowed with a metric of vanishing mass, which is sufficiently regular such
that the limiting case of the positive mass theorem [14] can be applied. This
yields that N is flat and the original space is Schwarzschild.
In our case the orbit space N takes the role of the t = const. slices and
the bolts take the role of the bifurcation surfaces. To follow the strategy of
[13] we first (in Sect. 2) have to study carefully the local geometry of N in
the neighbourhood of a bolt. We then (in Sect. 3) perform a detailed analysis
of the asymptotic properties of N . Sect. 4 contains a preliminary result on
the global geometry and the proof of the theorem. In the final section we
discuss the options of proving the conjecture stated above, and of improving
or generalizing our theorem by relaxing conditions T1 and T2.
2 Properties of Bolts
The set LM of fixed points of µτ has the following structure (c.f. Sect.
2 of [1]). If q ∈ LM is isolated it is called a “nut” (after the Euclidean
Taub-NUT metric [15]). We exclude nuts by assumption T2 of our theorem.
The remaining possibility is that each connected component of LM is a two-
surface called “bolt”. At every q ∈ LM the differential µτ∗ acts as the
identity on a 2-dimensional subspace T−q M of the tangent space TqM and
as a rotation on the orthogonal subspace T+q M, with period τ+ = 2π/κ. κ
(called the “gravity” of the bolt) is constant on each bolt and also appears
in the matrix representation of ∇µξν in an orthonormal frame (c.f. Theorem
5.3 of [16]).
In a normal neighbourhood Uq of a point q of a bolt, we choose normal
4
coordinates {zα} as follows. Choose a basis of orthonormal vectors {~vα} in
TqM such that {~v0, ~v1} span T+q M and {~v2, ~v3} span T−q M. The normal
coordinates {zα} of a point q are exp(zα~vα) = q. The commutativity of µτ
and the exponential map, viz. exp(µτ∗X) = µτ (expX) for X ∈ TqM implies
that the action of µτ is linear in these coordinates, i.e. µ
α
τ (z) = (µτ∗)
α
β (q)z
β.
For the Killing vector we get
ξα(z) =
d
dτ
µατ (z)
∣∣∣∣∣
τ=0
= κ
(
z1∂z0 − z0∂z1
)
. (3)
We now obtain the form of the metric near a bolt in normal coordinates.
Lemma 1 Let q be an arbitrary point on a bolt and Uq a normal neigh-
bourhood of q. Consider an arbitrary C2−metric gαβ defined on Uq which
is invariant under the action of µτ . Then, in the normal coordinate system
introduced above, the metric takes the form (in matrix notation and with †
denoting transposition)
g(z) =
(
S†(z) 0
0 I2
) (
A B
B† C
)∣∣∣∣∣
ρ(z),z2,z3
(
S(z) 0
0 I2
)
, (4)
where I2 is the 2× 2 unit matrix, S is the rotation
S(z) =
1
ρ(z)
(
z0 z1
−z1 z0
)
, (5)
ρ(z) ≡ +
√
(z0)2 + (z1)2, and the 2× 2 matrices A,B,C are C2 functions of
three variables ρ, z2 and z3 in a domain ρ ≥ 0. Furthermore,
A(ρ, z2, z3) = a
(
z2, z3
)
I2 +O
(
ρ2
)
, B(ρ, z2, z3) = ρB(1)
(
z2, z3
)
+O
(
ρ2
)
,
C(ρ, z2, z3) = C(0)
(
z2, z3
)
+O
(
ρ2
)
, (6)
where a (z2, z3) is a function with a(0, 0) = 1, and C(0)(0, 0) = I2.
Proof. The action of the isometry group in the normal coordinates {zα} is
µτ (z)
α = Hτ
α
βz
β , where Hτ is (in matrix notation)
Hτ =
(
Rτ 0
0 I2
)
, Rτ =
(
cos(κτ) sin(κτ)
− sin(κτ) cos(κτ)
)
.
Invariance of the metric under µτ means gαβ(z) =
(µµτ (z)),α (µ
ν
τ (z)),β gµν (µτ (z)), where comma denotes partial derivative.
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Hence g(Hτz) = Hτg(z)H
†
τ , where (Hτz)
α = Hτ
α
βz
β . The matrix S(z) is
defined only at points with ρ(z) 6= 0 (although the expression (4) in the
lemma makes sense also at ρ(z) = 0 because of the expansion (6)). Let us
define a matrix g˜(z) by
g˜(z) =
(
S(z) 0
0 I2
)
g(z)
(
S†(z) 0
0 I2
)
for z such that ρ(z) 6= 0.
Using the identity S(Hτz) = S(z)R
−1(τ), the invariance equation becomes
simply g˜(Hτz) = g˜(z) at points where ρ(z) 6= 0. This equation motivates the
definition of 2×2 matrices A,B and C, which are functions of three variables
ρ, z2, z3 on a domain where ρ ≥ 0, through the equation(
A B
B† C
)∣∣∣∣∣
ρ,z2,z3
= g(z)|z0=ρ,z1=0,z2,z3, where ρ ≥ 0. (7)
Since the right-hand side is a C2 function of its arguments, so are A,B and
C. Using the form of S and the invariance equation, we obtain for any ρ < 0
g(z)|z0=ρ,z1=0,z2,z3 =
(
A −B
−B† C
)∣∣∣∣∣
−ρ,z2,z3
. (8)
This equation together with the continuity of g(z) at ρ(z) = 0 implies that
B(0, z2, z3) = 0. Let now a, b = 0, 1 and A,B = 2, 3. Using again the form
of S(z) and the invariance equation, we have, for ρ > 0,
gab(z)|z0=0,z1=ρ,z2,z3 =
(
A11 −A01
−A01 A00
)∣∣∣∣∣
ρ,z2,z3
.
The limit ρ → 0 in this expression makes sense, and using definition
(7) we obtain A(0, z2, z3) = a(z2, z3)I2 where a(z
2, z3) is a C2 function.
Taking partial derivatives of (7) and (8) with respect to ρ, performing the
limit ρ → 0 and using that g(z) has continuous derivatives, we easily get
∂ρA|ρ=0 = 0 and ∂ρC|ρ=0 = 0. Noticing that gµν(z = 0) = δµν , the lemma
follows by Taylor expansion.
We denote the set of all orbits of µτ (including its fixed points LM) by
N̂ , and define π(LM) = LN̂ . The latter set has the following structure.
Lemma 2 Let (M, gµν) satisfy conditions T1 and T2 of the theorem.
Then L
N̂
is a smooth, two-dimensional boundary of N . Moreover, gij has
a C2-extension to L
N̂
and L
N̂
is totally geodesic in (N̂ , gij).
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Proof. In a normal neighbourhood of a point q of a bolt we use normal
coordinates {zα} as introduced above Lemma 1. Let a, b = 0, 1, A,B = 2, 3,
and define y0 = z2, y1 = z3. Using the form of the metric in Lemma 1 we
easily obtain, at points where ρ(z) 6= 0,
ξaξbgab = κ
2ρ2A11, gabξ
adzb = −κρA1bαb, gaBξadzB = −κρB1bdyb,
gabdz
adzb = Aabα
aαb, gaBdz
adzB = Babα
adyb,
where we have introduced two one-forms α0 = dρ = (z0dz0 + z1dz1)/ρ and
α1 = (−z1dz0 + z0dz1)/ρ. It is now straightforward to show that the sym-
metric tensor ds2g = (gµν − V −2ξµξν)dzµdzν takes the form
ds2g =
detA
A11
dρ2 + 2
(
B0a − A01
A11
B1a
)
dρ dya +
(
Cab − B1aB1b
A11
)
dyadyb. (9)
Since ρ and ya are constant along the Killing orbits, they are suitable coor-
dinates on N̂ (ρ is of course restricted to be non-negative) and therefore the
metric gij on N is given exactly by expression (9), where now dρ is no longer
α0 but the differential of a coordinate. The boundary of N̂ which is given
locally by ρ = 0 is two-dimensional and coincides with L
N̂
by construction.
Lemma 1 implies ds2g|ρ=0 = a(yc)dρ2 +C(0)ab (yc)dyadyb. Since A,B and C are
C2 functions of ρ, z2 and z3, it follows that the metric gij extends at least
in a C2 manner to ρ = 0. A trivial calculation shows that the second fun-
damental form of L
N̂
in (N̂ , gij) vanishes, which is equivalent to LN̂ being
totally geodesic. Finally, the smoothness of N̂ follows from the smoothness
of the geodesics.
3 Asymptotic structure
Here we first define asymptotic flatness of the manifold (N , gij) (contained in
assumption T4 of the theorem). We then use assumption T1, in particular
Ricci flatness, together with asymptotic properties, to introduce the “twist”
(-scalar) of the Killing field on an “end” N∞. Next, we adapt from [17]
two technical lemmas (Lemmas 3 and 4 below) on the inversion of a certain
elliptic operator and of the flat Laplacian. These results will be used to
establish falloff properties of the metric on N and of quantities constructed
from the norm and the twist of ξµ (Lemma 5), and to show the existence
of a compactification of the end of N (Lemma 6). Most parts of the proofs
of these lemmas parallel closely the treatment of the Lorentzian case ([18],
[19], [20]).
Definition The manifold (N , gij) is called asymptotically flat iff
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1. The “end” N∞ = N̂ \ {a compact set} is diffeomorphic to R3 \ B,
where B is a ball. (The compact set is chosen appropriately, in partic-
ular sufficiently large).
2. On N∞ there are coordinates such that
gij − δij = O2(r−δ) for some δ > 0. (10)
(A function f(xi) is said to be Ok(rα), k ∈ N , if f(xi) = O(rα),
∂jf(x
i) = O(rα−1) a.s.o. for all derivatives up to and including the kth
ones.)
This definition might appear over-restrictive as it combines the topolog-
ical condition (1) with the purely asymptotic condition (2). We adopt this
definition not only because it follows common practice [6] but also because
condition (1) is really required to prove the theorem in Sect. 4. In particu-
lar, we require here that N has a single end. Similarly, we believe that the
definitions of AF and of ALF as given in [6] will be required to prove the
conjecture stated in the introduction.
On the whole of M we can introduce the twist vector ωµ = ǫµνστ ξν∇σξτ
of the Killing vector ξµ. (ǫµνστ is antisymmetric and ǫ0123 =
√
det g). Since
ξµωµ = 0 and since ξ
µ commutes with ωµ, ωµ and hence also ∇[µων] can be
projected to a vector ωi and to its curl ∂[iωj] on N [23]. By Ricci-flatness,
i.e. Rµν = 0, we find that ωµ and ωi are curl free, i.e.
∇[µων] = 0, ∂[iωj] = 0. (11)
For the rest of this section we restrict ourselves to the end N∞. Since
the latter is simply connected, there exists a scalar ω there, defined up to
an additive constant, such that ∂iω = ωi. Denoting by D the covariant
derivative and by Rij the Ricci tensor with respect to gij , we can decompose
the condition Rµν = 0 as follows (by changing signs appropriately in the
corresponding Lorentzian result [23])
Rij = V −1DiDjV − 1
2
V −4(ωiωj − gijgklωkωl), (12)
D2V = 1
2
V −3gijωiωj, (13)
D2ω = 3V −2gijωiDjV, (14)
and it follows from (12) and (13) that the Ricci scalar R with respect to gij
can be expressed as
R = 3
2
V −4gijωiωj. (15)
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By condition T4, R = O(r−2−δ), and by rescaling ξµ suitably, we can
achieve that V → 1. Using (15) we obtain ωi = O(r−1−ǫ) and so we can
adjust the additive constant in ω such that
ω = O1(r−ǫ) for some positive ǫ. (16)
To analyze the full set of field equations it is convenient to introduce some
more notation. We will employ the metric γij = V
2gij on N∞ and we denote
by Di and Rij the covariant derivative and the Ricci tensor with respect to
γij . We also introduce
v± =
1− V 2 ∓ ω
1 + V 2 ± ω , (17)
Θ = 1− v+v− = 4V
2
(1 + V 2 + ω) (1 + V 2 − ω) . (18)
By the asymptotic properties discussed above, the fields v± and Θ exist on
N∞, and 0 < Θ < 1. Finally we define the vector field Ai = 12(v+Div− −
v−Div+). On N∞, the conditions Rµν = 0 yield
Di
(
Θ−1Div±
)
= ±2Θ−2AiDiv±, (19)
Rij = 2Θ
−2(D(iv−)(Dj)v+). (20)
We now state (modified versions of) two lemmas of N. Meyers [17] which
we require in the proof of Lemmas 5 and 6. Lemma 3 is a special case of
Corollary 1 to Theorem 1 of [17], whereas Lemma 4 is a special case of Lemma
5 of [17], combined with the corollary mentioned above.
Lemma 3 On an asymptotically flat end N∞, let ψ ∈ C2 be a solution of
gij(∂i∂j + ai∂j)ψ = 0 (21)
with ψ = O(r−ǫ) for some real ǫ and ai = O
1(r−1−δ) for some δ > 0.
Then ψ = O2(r−ǫ).
Lemma 4 Let p ∈ N ∪ {0}, k ∈ N , 0 < ǫ < 1 and λ = Ok(r−2−p−ǫ).
Then, on a domain R3 \ B, the equation △φ = λ (with △ denoting the
flat Laplacian) has a solution φspec = O
k+2(r−p−ǫ). Thus the general solution
φgen which vanishes at infinity can be written as φgen = φhom + φspec where
φhom is a solution of △φhom = 0 with terms of order r−q, ∀q ∈ N with q ≤ p.
We are now in the position to prove the main asymptotic result.
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Lemma 5 Let (M, gµν) satisfy conditions T1 and T4 of the theorem.
Then on N∞ there are coordinates x̂i (with r̂2 = δijx̂ix̂j) and constants
m± and m
±
i such that
v± =
m±
r̂
+
m±i x̂
i
r̂3
+O2
(
1
r̂3
)
, (22)
γij = δij +
m+m−
r̂4
(x̂ix̂j − r̂2δij) +O2
(
1
r̂3
)
. (23)
Proof. The first part of the proof which leads to (26) is a straightforward
adaption of a result on the asymptotic behaviour of Killing vectors obtained
in the 4-dimensional framework ([18], Proposition 2.2).
Using (10), (12) and (16) we get
DiDjV = ∂i∂jV − Γkij∂kV = O(r−2−ǫ). (24)
We then define h = V 2 + r2gijDiVDjV and the radial derivative, d/dr =
(xi/r)∂i. Using (24) and Schwarz’s inequality yields | ddrh| ≤ 2Chr for some
constant C > 0. Upon integration, this gives |h| ≤ Dr2C for some constant
D > 0, and thus ∂iV = O(r
C−1). Inserting the latter estimate in (24) gives
∂i∂jV = O(r
C−2−ǫ). Integrating again, we obtain
∂iV = Ei +O
1(rC−1−ǫ) (25)
for some constants Ei. If C ≤ 1 this can be written as ∂iV = Ei + O1(r−ǫ).
The latter result can also be obtained if C > 1 (with some ǫ > 0 possibly
different from the ǫ used above) by iterating the integration of (24), i.e.
by inserting (25) in (24) once again and integrating, and by repeating this
procedure sufficiently often. One further integration then gives V = Eix
i +
F +O2(r1−ǫ) where F is a constant. But since V is bounded by virtue of T4
and since ξµ has been normalized so that V tends to 1 at infinity, we have
Ei = 0 and F = 1. This now allows us to improve the iterated integration of
(24) till we end up with
V = 1 +O2(r−ǫ) (26)
where again ǫ > 0 might differ from the epsilons used so far. We now pass to
the metric γij = V
2gij and use harmonic coordinates x
i with respect to γij
on N∞. (Such coordinates exist and coincide with the coordinates xi of the
harmonic atlas (t, xi) with respect to gµν introduced in Sect. 1). Applying
Lemma 3 to (14),(16) and (26), we conclude that
ω = O2(r−ǫ). (27)
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Apart from irrelevant signs and numerical factors, the remaining part of
the proof is identical to the Lorentzian analysis [19] and will only be sketched.
We write eqn.s (19) and (20) as
△v± = O(r−2−ǫ), △γij = O(r−2−ǫ). (28)
That is to say, we shift all deviations from the flat Laplacians to the right
hand side. Applying Lemma 4, we find that there exist constants m± such
that
v± =
m±
r
+O2
(
1
r1+ǫ
)
, (29)
γij = δij +O
2
(
1
r1+ǫ
)
, (30)
and we note that in (30) a homogeneous solution of the Laplace equation of
order r−1 would be incompatible with the harmonic coordinate condition.
The next step is to insert (29) and (30) into (19) and (20) and again to invert
the Laplacians by a trivial explicit calculation and with the help of Lemma
4. In general there appears a homogeneous solution in γij of order r
−2 which
can be removed by a suitable coordinate transformation (compatible with
the harmonic coordinate condition). We thus arrive at (22) and (23) but
with remaining terms of the form O2(r−2−ǫ). The required falloff of O2(r−3)
can be obtained by another straightforward iteration. This ends the proof.
We remark that the iteration leading to (22) and (23) can in fact be
continued to arbitrary high order as in the Lorentzian case ([20]).
We also note that in terms of the radial coordinate r̂ employed here the
Schwarzschild metric takes on the asymptotic form (1), whereas the r̂ in the
Taub-bolt metric in which the asymptotic form (22), (23) holds is related to
the r used in (2) by r̂ = r − 5
4
|n|.
We now introduce two scalars Ω(+) and Ω(−) and new metrics g
(+)
ij and
g
(−)
ij on N∞ as follows (recall that 0 < Θ < 1 on N∞).
g
(±)
ij = Ω
2
(±)γij =
(
1±√Θ
2
√
Θ
)2
γij =
1
16
[√
(1 + V 2)2 − ω2 ± 2V
]2
gij. (31)
(Super- and subscripts (+),(−) and (±) on gij and Ω have nothing to do
with the suffixes +, − and ± on v, m and mi used before).
Lemma 6 Let (M, gµν) satisfy conditions T1 and T4 of the theorem.
Then (N , g(+)ij ) is asymptotically flat with vanishing mass.
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Assume further that the constants m+ and m− of Lemma 5 do not vanish.
Then (N , g(−)ij ) has a compactification such that N˜ = N ∪ Λ where Λ is
a point, and g
(−)
ij has a C
2− extension to Λ.
Proof. Due to Lemma 5, the asymptotic behaviour of Ω(+) and Ω(−) is
Ω(+) = 1 +
m2 − n2
4r̂2
+O2
(
1
r̂3
)
, Ω(−) =
m2 − n2
4r̂2
+O2
(
1
r̂3
)
, (32)
where m = 1
2
(m+ +m−) and n =
1
2
(m+ −m−). The proof of the first part
is trivial (see e.g. [14] for the definition of mass of an AF manifold). As to
the second part, if m± 6= 0 then in coordinates x¯i = r̂−2x̂i it is easy to see
(as in the Lorentzian case, [20]) that g
(−)
ij has a C
2− extension to the point
“at infinity” Λ given by x¯i = 0.
We remark that, again as in the Lorentzian case [21], there is even an
analytic compactification.
4 The theorem
Recall that ωµ is curl-free (11) and hence there exists, locally onM, a scalar
ω defined by ∇µω = ωµ. Using assumption T3 of the theorem, ω exists
globally onM (and hence also globally onN ) and is defined up to an additive
constant. Since N has a single end, we choose ω such that it vanishes at
infinity. (It then coincides with the scalar ω defined only on N∞ in Sect. 3).
We can now introduce the “Ernst potentials” E+ = V 2 + ω and E− =
V 2 − ω which have the following global properties.
Lemma 7 Let (M, gµν) satisfy conditions T1, T3 and T4 of the theorem.
Then −1 < E± ≤ 1. More specifically, either
L1 at least one of the potentials satisfies E± = 1 on N or
L2 both potentials satisfy −1 < E± < 1 on N .
Proof. Ricci flatness implies the following equations for E± on N and on
M, respectively,
D2E± = V −2DiE±DiE± ≥ 0. (33)
∇2E± = V −2∇µE±∇µE± ≥ 0. (34)
The strong maximum principle (Theorem 3.5 in [22]) applied to (33)
shows that E± can only have a maximum inside N if it is constant.
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Furthermore, since the fixed points of µτ are of course interior points of
M, the maximum principle applied to (34) in a neighbourhood of the fixed
points excludes maxima at such points (on M and hence also on N̂ ). Since
both potentials approach the value 1 at infinity, we have either E± < 1 or
E± = 1 on N . Using this and the identity E± = 2V 2 − E∓ > −E∓ ≥ −1 the
remaining statement of the lemma follows easily.
Note that by imposing T4 we require N̂ to be the union of a compact
set and an “end”. We do not yet know whether this property also holds for
M. Therefore, the maximum principle applied only to (34) globally on M
would not suffice to prove the lemma.
We are now in the position of proving the theorem stated in the
introduction, which we copy here for convenience.
Theorem The Riemannian Schwarzschild and the Taub-bolt instanton
solutions are the only spaces (M, gµν) such that
T1. M is a 4-dimensional manifold with a Riemannian, Ricci-flat
C2−metric gµν which admits (at least) a 1-parameter group µτ of isome-
tries. Moreover, the set N of non-trivial orbits of µτ is a manifold.
T2. µτ has no isolated fixed points on M.
T3. M is simply connected.
T4. (N , gij) is asymptotically flat (AF) and the norm of the Killing field
corresponding to µτ tends to a constant at infinity.
Proof. The proof has two parts, 1 and 2, which correspond to the two
cases of Lemma 7.
1. L1 of Lemma 7 holds.
We can assume without loss of generality that E− = 1 onN , which implies
v− = 0 and v+ = V
−2 − 1, and hence Ai = 0 and Θ = 1. This means that
equations (19) and (20) become DiD
iV −2 = 0 and Rij = 0, i.e. γij is locally
flat. Using coordinates adapted to the Killing vector, the metric takes the
local form
ds2 = V 2
(
dτ + ηidx
i
)2
+ V −2δijdx
idxj. (35)
The one-form η = ηidx
i on N can be obtained from ω as any particular
solution of curlγ η = −V −4gradω. Since E− = 1 we have ω = V 2 − 1 and
therefore curlδ η = gradV
−2. Let us now show that (M, gµν) must contain
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nuts, against our assumptions, or must be the four-dimensional Euclidean
space.
Consider first the case when LM is empty. Then it follows from the
definition of asymptotic flatness that N = N̂ is a complete Riemannian
manifold. Since, moreover, γij is flat on the asymptotically flat end N∞,
(N , γij) must be diffeomorphic to (R3, δij). Furthermore, V −2 is well-defined
everywhere on N and solves the flat Laplace equation △V −2 = 0. Hence V
must be constant and equal to its asymptotic value 1. This implies ηidx
i = 0
and therefore (M, gµν) is locally flat. But since M is simply connected, the
flatness of (M, gµν) follows.
We have thus shown that (M, gµν) must contain either nuts or bolts, or
else the space is Euclidean. Assume that (M, gµν) contains a bolt B with
gravity κ. It is easy to see that∇µξν∇µξν |B = 2κ2 and ǫµναβ∇µξν∇αξβ|B = 0.
Using (12), we obtain that the Ricci tensor R of the metric gij = V −2δij is
R = 3
8V 4
∇µE+∇µE+ = 3
8V 2
(
2∇µξν∇µξν + ǫµναβ∇µξν∇αξβ
)
, (36)
where the first equality requires ω = V 2 − 1 and the second equality is
generally valid. Hence, R must be singular on the bolt, which is impossible
from Lemma 2. We can therefore conclude that L1 in Lemma 7 requires
that the four-metric contains nuts or else (M, gµν) is flat.
2. L2 in lemma 7 holds.
We first observe, using Lemma 7, that the fields v± = (1+ E±)−1(1−E±)
introduced on N∞ in Sect. 3 are well defined and non-negative on all of N ,
and the same applies to Θ = 1− v+v− = 4V 2 (1 + E±)−1 (1 + E∓)−1.
We also note that the constants m± in Lemma 5 cannot vanish. Assume,
for the contrary, that e.g. m− = 0. Assume also for the moment that m
−
i in
(22) does not vanish. The term of order rˆ−2 in (22) containing this constant
does not have a definite sign and dominates the expansion for large rˆ, which
contradicts v− > 0. Therefore, m
−
i = 0. Applying Lemma 4 to (19) we find
that the leading term in the expansion of v− must necessarily be a solution
of the flat Laplace equation. Since all such solutions of order rˆ−p, p ≥ 2,
change sign on N∞, the same argument as above leads to a contradiction
unless m− 6= 0, and in the same way we conclude that m+ 6= 0. Hence
Lemma 6 on the asymptotic structure applies.
We next show that g
(±)
ij are regular on ∂N = LN̂ . Since V Ω(+)|∂N =
V Ω(−)|∂N the metrics 2g(±)ij = g(±)ij − n(±)i n(±)j agree on the bolts ∂N (the
unit normal vectors of ∂N with respect to g(±)ij are denoted by n(±)i ). We
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also notice that under a conformal rescaling g′ij = Ω(V, ω)
2 gij, the extrinsic
curvature kij of a 2-dimensional submanifold S in (N , gij) changes according
to
k′ij = Ωkij + Ω
−2(2g′ij)n
k
(
dΩ
dV
DkV + dΩ
dω
Dkω
)
, (37)
where nk is the unit outward normal of S with respect to gij .
Setting S = ∂N we have kij = 0 due to lemma 2. We next insert
Ω = V Ω(±) in (37) and note that (14) can be written as∇2ω = 4V −1∇µV∇µω
on M, and so gijDiVDjω|∂N = 0. Hence the second fundamental forms k±ij
of ∂N in (N , g(±)ij ) satisfy k(+)ij = −k(−)ij . Therefore we can glue together
the two manifolds (N , g(+)ij ) and (N˜ , g(−)ij ) along ∂N to obtain a C2 manifold
with C1 metric [24]. Since the metric is piecewise C2, it follows that it
is C1,1. By Lemma 6, the resulting space is a complete three-dimensional
asymptotically flat manifold with C1,1 metric and vanishing mass. A short
computation shows that it also has non-negative Ricci scalar, namely
R(±)Ω4(±) =
3± 2√Θ
2Θ3
γijAiAj ≥ 0. (38)
The rigidity part of the positive mass theorem [14] implies that this man-
ifold must be diffeomorphic to R3 with the flat metric. In particular, both
metrics g
(±)
ij are flat.
Expression (38) also shows that Ai = 0, which is equivalent to v+ = αv−,
where α is a positive constant (due to v± > 0). It is convenient to introduce
a function H = (1 +
√
Θ)/(1 −√Θ) which is regular and satisfies H|N > 1
and H|∂N = 1. Eqn. (20) provides the Ricci tensor of the metric γij in terms
of the gradient of v+. Using (31) and the fact that g
(+)
ij is flat, the standard
formula for the Ricci tensors of conformally related metrics gives (written in
Euclidean coordinates):
∂i∂jH − δ
kl(∂kH)(∂lH)
2H
δij = 0, (39)
Multiplying (39) with ∂jH we obtain δ
lk∂lH∂kH = βH , where β is a con-
stant. Since H cannot be constant it follows that β > 0, and we can
write β = 16M−2 for some positive constant M . Then (39) becomes
∂i∂jH = 8M
−2δij whose general solution can be written, after performing
an appropriate translation x˜i = xi+ ci, as H = 4M−2δij x˜
ix˜j . The knowledge
of H implies that of v+ and Ω(+). In spherical coordinates {r˜, θ˜, φ˜}, we have
v+ =
√
α
4Mr˜
M2 + 4r˜2
, ds2γ|N =
(
1− M
2
4r˜2
)2 (
dr˜2 + r˜2dΩ2
)
, r˜ > M/2,
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where we used H|∂N = 1 and H|N > 1 to determine the range of r˜. We
now define two constants m > |n| ≥ 0 by α = (m + n)−1(m − n) and M =√
α(m+n) and perform the coordinate transformation r = m+ r˜+M2/(4r˜2).
The metric γij , V and ω take the form
dsγ = dr
2 +
(
r2 − 2mr + n2
)
dΩ2 r > m+
√
m2 − n2 (40)
V 2 =
r2 − 2mr + n2
r2 − n2 ω =
2n(r −m)
(r2 − n2) (41)
Using this, the metric gµν can be reconstructed by solving curlγ η =
−V −4gradω as in part 1. Finally, global regularity of gµν on M requires
[4] that either n = 0 which gives the 1-parameter family of Schwarzschild
instantons, or that m = 5
4
|n| which gives the 1-parameter family of Taub-
bolt instantons.
5 Discussion
We can think of improving our theorem in various directions. We discuss
here briefly three of the most striking problems, namely:
P1. As mentioned already in the introduction, we believe that in T1 the
assumption that N is a manifold can be dropped.
P2. We would like to prove uniqueness of Taub-bolt purely in the 4-
dimensional setting, e.g. as formulated in the conjecture in the in-
troduction.
P3. It would be desirable to have a uniqueness result for the case in which
nuts as well as bolts are a priori allowed to be present.
P1. We can show that N , the space of non-trivial Killing orbits µτ
of M is in fact a manifold provided that all these orbits have the same
period. In a neighbourhood of a fixed point p of µτ , the period of the
orbits is determined by the “gravities” of the fixed point (c.f. [1]). This
is due to the commutativity of the isometry and the exponential map,
viz. exp(µτ∗X) = µτ (expX) for a tangent vector X at p, and to the fact
that locally the exponential map is one-to-one. Since a bolt has only one
“gravity”, all orbits in its neighbourhood have the same period. More
generally, in a spacetime with a bolt one has control over the period of the
orbits on a domain in which the exponential map is non-singular. This
domain is bounded by the cut points of the geodesics emanating from the
bolt (c.f. Sect. VIII, Theorem 7.4. of [25]). On these cut loci, the period
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might change and the manifold structure of N may be lost, though we do
not believe that this will happen.
P2. In the AF case, the conjecture can actually be proven rather
straightforwardly along the lines of the Lorentzian case [7] (and leads to
the Schwarzschild instanton (1)), by first showing an analog of the “staticity
theorem” (c.f. Sect. 8.2 of [7]), followed by the reasoning of the present
paper restricted to the case of a hypersurface-orthogonal Killing vector.
As to the asymptotically locally flat case, we recall here from [6] the
definition of ALF (with slight modifications, in particular using the cyclic
group ZQ instead of the more general options in [6]).
1. The “end” M∞ \ {a suitably chosen compact set} is diffeomorphic to
R× (S3/ZQ)
2. The lift dsˇ2 of the line element ds2 to the covering space R× S3 takes
the form
dsˇ2 = dr2 + r2
(
σ21 + σ
2
2
)
+ σ23 +O
2(r−1), (42)
where r ∈ (r0,∞) for some constant r0 is a radial coordinate (in the R
direction), σi (i = 1, 2, 3) are the left-invariant one-forms on the unit
sphere.
If a 1-parameter group of isometries µτ of (M∞, gµν) is present, it is likely
that the latter will leave the lens spaces Sr/ZQ invariant (with Sr denoting
the 3-spheres of constant radius r ∈ (r0,∞)), and that ZQ will act on each
of the Sr as a subgroup of the lift µˇτ of µτ to the Sr.
If this is the case, we can show that the 1-form dual to the Killing field
ξµ is parallel to σ3, and that the quotient manifold (N , gij) is asymptotically
flat, as defined in Sect. 3 and as required in our theorem.
We remark that the “end” of the Taub-bolt metric is R × S3 . So we
could simplify the asymptotic condition by requiring this topology instead
of the lens space Sr/ZQ.
P3. The theorem given above only allows the presence of bolts. Assume
we relax assumption T2 by also allowing (or only allowing) the presence
of nuts, but we keep the other requirements. Then there is the example of
multi-Taub-nut space (which has only nuts) and which might well be the only
example. Since this space has a conformally flat space of orbits, it might then
be possible to show its uniqueness by the strategy of Bunting and Masood-
ul-Alam [13] as pursued in the present paper. If we allow bolts a priori, the
problem with this strategy is to find a suitable conformal rescaling of the
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metric on N which in particular keeps the metric regular on the bolts. In
general a rescaling might shrink the bolts to points or shift them to infinity.
There is nevertheless hope to get sufficient control also in this general case
in order to apply a positive mass theorem.
On the other hand, the uniqueness result for the Euclidean Kerr metric [2]
is restricted to the asymptotically flat case, allows only nuts and effectively
restricts their number to 2 by requiring that M = R2 × S2. We note that
in this case the space of orbits is not a manifold (contrary to the statement
in [2]. The proof of [2] needs to be and can easily be rewritten accordingly).
The strategy of this proof is based on a generalization of Israel’s proof of
uniqueness of the Schwarzschild solution, and on a suitable characterization
of the Kerr metric. In fact, this characterization naturally extends to the
asymptotically locally flat class of “Kerr-Taub-NUT” instantons [2] (called
“Kerr-Taub-bolt” metrics by the discoverers [26] since they refer to another
Killing vector). Assuming ALF instead of AF it should be possible to extend
the uniqueness proof of [2] to this class. While we also believe that the
topological conditions of the original proof can be relaxed, they can probably
not be removed altogether.
It would also be interesting to prove uniqueness of asymptotically
(locally) Euclidean instantons [6] along these lines.
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